0. Notation. Throughout this paper p denotes a prime congruent to 1 modulo 4. It is well known that such primes are expressible in an essentially unique manner as the sum of the squares of two integers, that is,
In addition use is made of the following result which is the special case of the theorem of Johnson and Mitchell [6] when p is taken to be a prime congruent to 1 (mod 4 
H-qP)={ /a-biV^1* Q(mod 8), if (~^J =-i(modq), (ni) if q = 3
h( o h \ = i2(mod 8), i/a-ss -6(mod 3), 1 ÔP; ~ l6(mod 8), i/a = 6(mod 3).
We state the special cases q = 3, 7 and 11 of the theorem as corollaries. The congruence modulo 8 for h( -\.p) analogous to those in the theorem for h( -qp) was given by Gauss [4] in a letter to Dirichlet dated 30 May, 1828. A sketch of a proof of Gauss's congruence will now be given as it serves as the model for the proof of our theorem. However, the details in the proof of our theorem are much more complicated.
The starting point of the proof is Dirichlet's class number formula [3, p. 152] (1.2) h(-*p) = 25(4, 1).
(The corresponding formula in our proof is given in Lemma 2 as a special case of Lemma 1.) Formula (1.2) is trivially transformed into
where N denotes the number of quadratic non residues (mod p) in the interval (0, £/4). (In our proof the derivation of the corresponding result (Lemma 12), though elementary, is highly technical in nature and requires Lemmas 3 to 11.) Next, modifying the argument given in [10, Lemma 3] slightly, it can be shown that 
(The corresponding result in our proof is Lemma 14.) Then using the supplement to the law of biquadratic reciprocity in the form (see for example [7] )
in (1.5), and recalling that
one obtains Gauss's congruence
(The last steps in our proof are exactly analogous to the above except that we use the law of biquadratic reciprocity in the form given in [5] rather than its supplement.)
Proof of theorem.
We begin the proof of the theorem by obtaining a general formula for the class number h (dp) of the imaginary quadratic field Q(^/dp), where d ^ 0 (mod p) is the discriminant of an imaginary quadratic field, in terms of the sums S(\d\, k), k = 1, 2, . . . , \d\.
LEMMA 1. If p = 1 (mod 4) is prime and d ^ 0 (mod p) is the discriminant of an imaginary quadratic field, then
h(dp) = Z(i: (7) 
First interchanging the orders of summation of j and k and then of k, j and n, we obtain 
3=1
The prime on the summation symbol indicates that if a or b is an integer, then the associated summand must be halved. Choosing f(x) = 1, 
Proof. By (0.5) we have É 5(s, *) = 0.
Jfc=l

Using this together with Lemma 2 gives
Next, mapping k to q -k + 1, we obtain
Since (by (0. 
Proof. As h( -q) = 1 (mod 2) for ç = 3 (mod 4) (see for example [1, Corollary 3.6] or [9, Proposition 1]) 1 -w(q)h( -q) is even and it suffices to consider the parity of S(2q, (q + l)/2)). By (0.8) we have 
Proof. We just give the details of the proof for the first of these as the other can be proved similarly. We have by (0.8)
•IS (
Ë (A ([2kp/q] -[(2k -l)p/q]) (mod 2).
A fc= i y==2 fc \<Z/
Interchanging the order of summation in the double sum we obtain
= Z Z ([2*/>/sl -[(2* -i)p/a])
; =i \a
which completes the proof.
The next lemma simplifies the sum of the congruences in Lemma 6. Proof. We have
and the result follows from Lemma 6.
The next lemma evaluates the sum 
where
ll/3, */« = 3. The next lemma gives an alternative expression for the sum
Proof. We have
and it suffices to prove that
Using the simple result
we have
The last sum is clearly seen to vanish by pairing the terms j and q -j. This completes the proof.
Using the expressions given in Lemmas 8 and 9 in Lemma 7 we obtain LEMMA 10. For primes p = 1 (mod 4) and q = 3 (mod 4) (2) 
H-qP)=< ( Xl2
Proof. By Lemmas 3, 4 and 11 we have
Next we determine (<7-l)/2 E S(2g,2£) modulo 2. We have by (0.8)
Appealing to Lemma 9 we obtain
(The last congruence follows from a form of Gauss's lemma.) Then if (P/<l) = -1 we have
Hence we have
The required result now follows as h( -3) = 1 and
If (p/q) = +1 we have
The result now follows as
LEMMA 13. Let p and q be odd distinct primes with p = 1 (mod 4). We begin by treating the case {p/q) = +1. For each j = 0, 1, . . . , q -1 it is easy to check that as n runs through the quadratic non residues of p in (0, p/2) which are congruent to -pj (mod q), then nt runs through the quadratic non residues of p in (2jp/2q, (2j + l) Multiplying these congruences together we obtain (as qt = 1 (mod p)) 3 -<^>' « n n-nn(mod^),
Replacing j by q -j inl^2 we obtain
Next replacing n by p -n we get
where iV(/>, q, j) denotes the number of quadratic non residues of p in ((2/ -l)p/2q, 2jp/2q). Hence
and so
;=1
(mod/>), as required.
Next we treat the case (p/q) = -1. For each j = 0, 1, . . . , q -1 it is easy to check that as r runs through the quadratic residues of p in (0, p/2) which are congruent to -pj (mod q), then rt runs through the quadratic non residues n of p in (2jp/2q, (2/ + l)p/2q). Hence for 7 = 0, 1, . . . , g -1 we have f7 r/ss n w(mod£), Replacing j by q -j infl 2 w e obtain 
